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< SUMMARY >

This thesis examines how Bourbaki’s matrix structures and Piaget’s structure of mathematical
thought are related on the basis of Piaget's study on genetic epistemology and structuralism, In
addition, it reviews the essential characteristics that the structure of knowledge should have and
also points out that transformation and development are the key factors of the structure. In the
light of this, it indicates the limits of Bruner’s concept of structure and discusses about having

the learner construct the algebraic structure as a mathematical concept.

Key Words © Structuralism, Genetic epistemnology, Structine

When constructing and carrying out mathematics curricula, we first encounter an important
question: "What shall we teach?” As an answer to this question, Bruner suggests in his book,
The Process of Education(1960), that the structure of mathematics should be taught. This idea
gains much support in the education world because it is accepted as an alternative to the existing
education system where only piles of facts or “middle language” is being taught.

What does teaching mathematical structures to students mean? If a math teacher teaches high
school students commutative law, associative law and the existence of inverse element and
identity element as the properties of the real number system, is he teaching the algebraic
structure? For students, who do not know the concepts like group, ring and field and also have
not noticed the similar phenomena in a set of polynomials, a set of functions and a set of
matrices, the algebraic structure presented as above is likely to be a skeletonlike structure

extremely poor in context. In other words, if students, who have already gotten familiar with the
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Pedagogical Study on the Meaning of Mathematical Structure

the “prior knowledge"?

Plato’s answer to this question is "anamnesis”—that is, not knowing means forgetting what one
used to know in a previous life and therefore, learning is just recollecting it. In conclusion,
Plato’s answer suggests that if one does not know something, he is never able to learn it. In
other words, structure(or essence) of knowledge or form of cognition independently exists from
the beginning. This can be seen as an objectivistic and realistic point of view that epistemology
before Kant has. The reason why this attitude is thought objectivistic is that it regards human
cognition as a copy of "an object which is formed and defined by itself” and, thus, emphasizes
the predominance of the object over the subject of cognition. According to the objectivism,
knowledge is just to find or represent the objective and ultimate entity and the knowledge of
subject of cognition is defined by this objective entity.

However, the development of modern natural science made it clearer that natural science is not
the discovery of objective nature but a way of interpreting natural phenomena. According to
Kuhn(1970) who explains the progress in science with the term of "paradigm”, normal science is
governed and given authority by a paradigm but when a new competitive paradigm is brought in,
problems arise—that is to say, the existing paradigm and the new one see the world in each
different way and describe it in each different language; within a new paradigm, a concept can
have totally different meanings from the ones within the old paradigm, because the new paradigm
changes its relation with other concepts. In this regard, progress in knowledge is made not by
accumulation of fixed entities but by qualitative changes and requires dialectical reconstruction
which integrates the old paradigm and the new one in a comprehensive frame. And the whole
frame of the constructed knowledge can be called “structure”. What is important here is that the
structure is based on human activity which can be considered before distinguishing between a
posteriori “matter” and a priori “form” that modem epistemology tries to take as an objective
foundation. Therefore, the authority(or validity) of knowledge is autonomously controlled by the
activities of those who pursue the knowledge.

This argument that human cognition can not be explained on an objective foundation is in
some accordance with Piaget’s genetic epistemology. Piaget expounds his operational

constructivism can be reduced neither to empiricism nor to apriorism as follows.

In conclusion, the operational constructivism suggested by genetic analysis is reduced
neither to empiricism nor to apriorism, because we could not derive intelligence itself
from objects and because the subject does not possess frameworks which contain all
reason in advance, but only a certain activity which allows him to construct operational
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Pedagogical Study on the Hesning of ¥athemaites! Slructure

children’s stucture of logico-mathermatical thought smilbvsed by Pinget(Beth & Plaget, 1966).
Plaget understancds the nature of thovght a8 operation end refers o an idegrated stuciure niade
up of operations #s grouping, Acconding © him, the siroctmes of concmele opersfions me
explained by 9 groupings in ferms of class or reladon{Les, 1973), Operations tike classification or
setiation constiiole the groupings

Reversibility is un essential chamcleristic which dmws the line between operations and ordinery
scions and fhemefore, operations can be categorized according ' which form of reversihility they
have, In short, revensibility can be seen as e permapent possibility that 2 opersfion will be whle
B oretarn fo Ui shuting pointllee, 197%, The following example lustrafes other forms of
reversibility. Given a balance af equilibriom, when an object s placed on one of is sides, # lose
the equilibriom. Boguilibris & seskored either by sommoving the obdect or by plachg an equivabent
weight on the ofher side of the balance; the former s called lnversion or negation: the latfer is
called reciproclty of compensation. Ceserally, In operations]l syseems mlated 10 2 set, Hke
classification, reversibility s in the form of inversion, i operational sysems relared ©
avvmmetry, fke seristion, it s in fhe form of reciprociy,

in terms of the inchsion relation of the sef, A+A* =B ix adding A* w0 A and BH{— A )=
A iz mbtracting A’ fom B. Consequently, the mversion of adding A* and then mubtracting A°

the same sticlure a8 of the example of & balmnce; that 15, when an chiect & placed on one of
side of a balance md hence agymmetry of ‘order” ocows, equilibritnn B restored by putting an
equivalend weight on the ofher side.

Piaget classifies operations into three categories according to whether the reversibility of the
operations i i the form of inversion reciprocity or confinuity and sepamtion, and wrgwes that
these  categories  exactly correspond  fo Bovbski™s fuee  pairix shuchees.  According to
Piagei(Plaget, 1968), alpebroic structires corespond fo classification and number; order stnuctures
10 sequeniial  armpgement, sequential comrespondence and  seriation;  fopologleal stwchies o
operations making classes which are distinguished not by simdlariies or differences i by fhe

13 To wderstamd the viewpoint that the siructure of thonght formms groups or groopings, see Kim, Park &
Woo{1984), pp. 134-M43.
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Pedagogical Study on the Hesning of ¥athemaites! Slructure

inferprefed in the light of eplstemology, this problem becomss shidlar o Meno’s paradox. When z
child comsructs cogattion, does he or she bave an Inmate ool for asshndlating each comstient or
do e constipents get fogether and fhen the stmotorsl properfies just originade? Alhough
stractorafism focuses on the wholeness o mentioned above, fhe strucoralism can be said ©
regress 1o metempirical platonism  iix viewpolnt on the geoesis of struchuee B orelated fo fhe
former guestion; the struchmalism cen be said to regress to the combinstion of empirdcion and
atodsn i i is related to e lafier one. Pleget fhinks that neither of viewpolnls give the
safisfactory solution o e problem and preseni a pew standpoint—operations]l siructuralion, K
suggests that shruchural properfies nefther exist 2 priord nor stem directly from constituents bat
come from relation among consiitients, or “operation”.

From this point of view, fransformation becomes a key chargelerisic of simofare. In fact, every
stroctire can be seen 89 2 system of framsformation. In the dlgebraic struche of patural mumber,
three plos two making five or fowr following three s an example of ransformation and operation
is the nile of the pansformation. As srchuatisim becomes more elghorate, #t approaches the idea
of transformation more closely; the idea of transformation & not found i the theory of Swussoe,
the  faher of  stctoralism bt lsler B becomes 2 key  des of  Chomsky's
“ranstormational-generative gramimar”. In the case of Broumer, he lprprets stouchae o & fixed
entity from fhe viewpoint of realism and fails {0 understand strochie as syxtens of mansformation
for he argues that scholars’ knowledge and children's knowledge share the sate structure and the
differences betwern the two come from only the way of expression{Hong, 1999,

One of the ceniral ideas of Piaget's theory is that the sysiem of itnmsformation and operation
develops. Because children below six wsuddly do nof have mvemsdbililty i activities such as
clhawification or sevation, they cm be sald o be & the semidogical stsge of huellectusd
development in that they lack half of the logic of inverse operation(Piager, 1968). Nevertheless,
the concepts of fanction and identily —even tough they are mdimentyry— exist af this sage. In
concrele  operstional period when children  acquire reversibility, the comcept of momber &
constructed by tramsitivity of whaion, quantificstion of dassificelion, setiation and inchsion
relation and thereby the sveiem of operation goins the semigrowp siuchue. In foomal operational
perind when inversion and reciprocity, two forms of reversibility, are coordinaied, the system of
operation gains INRC growp®! or Klein d-gromn,

Now, the only problem is for what resson fvis simeinre of operstion i able fo develop, Piaget

3 When I stands for Kently, N for regmion, R for reciprocity, © for comrelutlon between negation and
reciprocity, these smisfy F=N =R =C =1, NRC=1, NR=C, RC=N, (N=R.
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Pedagogical Study on the Meaning of Mathematical Structure

things like it that one may encounter’ and “these basic ideas should be isolated and taught more
explicitly in a manner that frees them from specific areas(Bruner, 1960).” But the problem of this
explanation is that the knowledge here is explained in the light of atomism. Especially in the
case of mathematics and science, knowledge is a system of concepts rather than a gathering of
individual facts and information. In the same context, Piaget stresses the wholeness as one of the
characteristics of structure. A separate fact does not bear a fixed meaning and its meaning varies
according to its context. Bruner himself says it is undesirable to teach just piles of facts, but a
separate basic idea may also be reduced to just a fact if it loses its whole context.

Besides, though Bruner’s intention can be understood as emphasizing structure as a system or
interrelation among concepts, the problem that scholars® knowledge and children’s knowledge
should have the same structure is still unsolved. The differences between professional scholars’
knowledge and children’s knowledge come neither from differences in quantity nor from
differences in the methods of representation. As Piaget says in his explanation of the
generalization by reflective abstraction(Piaget et al., 1977), the differences in the structures of
different levels contain qualitative gaps. In addition, as Piaget explains with the phrase of
“self-regulating transformation”, cognitive structure and, further, the structure of knowledge are not
being fixed but being incessantly modified toward the ideal form. But Bruner regards structure as
a fixed tool for interpreting phenomena. Like this, he fails to define the concept of structure
thoroughly and as a result —unlike his intention— his theory regresses to an objectivistic and

realistic standpoint.

Representation vs. Operation

According to Piaget, knowledge has an operative aspect and a figurative aspect. The two
aspects are also called “scheme” and "schéma” respectively; schéme means a general structure that
makes actions and operations possible and generalizes them; schéma means representation or
image of the result from a certain action or operation. Perception, imitation, image and so on,
which Piaget calls a figurative aspect can not be the essence of knowledge and they can have
meanings only through actions or operations. Especially logico-mathematical knowledge sometimes

does not have the figurative aspect®).

4) A typical example is cardinality of nawral numbers. This can be understood only afier recognizing
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As for the ewence of logico-mathematival concepls, Plaget explained as follows: “fisf, the
stractiwe of a blological orgendsm (e starting podod) leads o 2 sensorb-motor schéme and, then
according to R, actions are coordinated, resulting In reflective abstaction, by which opemions me
comstracted, and bused on them, higherlevel operations are formed; i Is the operations and e
higher-level operations that are the essence of lpgicomibenatical concepn”™(Kim et al, 1984}
From Plaget’s viewpoint, logico-mathematical concepis should mot be derived from  esnphicdl
coptents but i should be constucied by opersfional forms and therefore, reflective abstraction is
obrviously different from empirical sbstraction. In addifion, slthough the sbect of cognition has ©
go through représendationfrepresentation] of his actions in order to coordinate them, tfeprésentation
B needed only &t the firet stage, whers réfléchseenent starty, of the whole process of seflective
absfraction, which is made up of a cycle of réfléchisement and offlexiontPisget ef ab, 1977}
The fact that this representation is possible & just an evidence showlng that the subject of
cognifion internalized his actions. Moreover, G ré8flachissoment &5 finished only after g adbject
of cognilon mukes réflerdon stire through idvapisation of s intenglized actons und, s, Bt &
nanrally impossible that the mathematical concepls requiring reflective dhstraction are completely
explained by only representation.

Bruner's jdea of three representation needs fo be moomsidered i this regmd. His suggesfion
thai the stmcture of & subject shoudd be trnslated and then presented o children fmplies fhat e
teacher shoutd assimilaie new knowledge to the shwdent’s existing cognifive structure by fransiafing
the knowledoe inlo the mode of representafion, which & essy for the student o understand and
then presenting #. However, this is unaccepisble, considering Plagel's genelic epistemology which
piphasizes the children’s cognitive structure evolves through qualifative changes. As stedied
shove, Plaget's genstic epibtemwlogy or Popper’s and Kubn's theory of sclentific history shows
that the structure of knowledge develops not just throngh quantitative accumulation but frough
incessant modifications and tansformations. I fhe mabee of koowledge 5 o, teaching & oot
translating new knowledge info already known sifuations for stedents buf making them look upon
the wwady known situstions ss new tools for intetpretstion and, in the long num, sinicting them
to see even the familar sinstbrs In more thooght-vrovoking way. As In Bnmer's FIS deory, the
educational sitmfion where the lemner just accepls the mode of representation presented by fe
teacher does not reflect that the lesmer™s cognitive sbuchie changes and therefore i cammot be

ons-t-one comespoiidence &8 8 logical operation and beatt no mlafion o concrete objects, thenselves, o
ibe spetlsl arrengement {or a fgursive aspeci) of them. (efer o 30 of Kim o g, 1984 for more
examples),
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said that new learning has actually happened. Between knowing if one move out farther from the
center of a see-saw, he or she goes down father and understanding Newton's Law of Moments,
there are qualitative differences in cognitive structure and the differences are logical gaps more
than just the differences in representation. Nevertheless, if the teacher tries to teach the
fundamental principle of Law of Moments using enactive representation such as a see-saw and a
balance, the student is likely only to accept the principle superficially on his level at that time.

Moreover, Bruner thinks that if the instructor presents the representation which is higher than
the student’s stage of development, the challenges which are derived from the gap between the
two cause new learning. But from Piaget's point of view, representation is just a product of
cognition at its level and at the next level of cognition it works only as a concrete object but it
cannot be a source of mew cognition. The idea® that presenting various kinds of representation
makes new cognition happen comes not from the viewpoint that the subject constructs cognition
but from the realistic viewpoint that the subject just copies objective objects of cognition.

In the case of logico-mathematical concepts, particularly, their essence is not representation but
operation, as Piaget points out. In addition, mathematical structures, concepts, methods of proof,
algorithms, propositions, theorems and so on are all schémes and mathematical activities include
all activities of constructing and applying these operational schemes. The learner can construct
new mathematical concepts only through reflective abstraction based on his operations as the
objects of cognition and after that he is able to understand representation, presented by the

teacher. in his own way.

The learning of algebraic structures

So far we have studied essential characteristics of structure such as wholeness, transformation
and self-regulation. Now it is time to consider the situation where the instructor tries to teach
algebraic structures to the student. The problem here is how the formalized algebraic structures
assimilate to the learner’'s cognitive structure. For instance, if the reason for teaching the group
structure is that it is the most fundamental and essential part of mathematical thought, it is
wondered how closely leaming the simple fact that “the a set of real numbers has such and such

characteristics” approaches to the leaming of structure that is originally intendedf). According to

5) A similar argument is found in Dienes’ "perceptual variability principle”.
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Plaget{1986), wilective shsimction, fie mechanion by which sinwiore ges more elsborte and
refined, plavs a ey role not only in the proces where logico-smthematioal thoughi acaudies the
gioup stnciure but also I the process where the lewmer grasps fhe conoepl of group s the
tesult of thermatizing and entionalizing the tought T teaching aluebraic stuctures s necossaty,
the mos jmportand principle of teaching stroctre shoold be fhat algebraic siuciures shomld be
constructed thmough the sbetmaction and the generalization of the keamer’s way of thinking and
mathematical experiences,

The concept of group is s basic concepd of modersn slgebra and moteover since iis wiflity &
very comprehensive, B i indroduced fo almost alt fields of mafhematics, Togics, physics and s0
forile Piagef(1968) even suys oroup &8 the profofype of general simictores. And he also explains
the reason the concept of gmup & very conynchensive snd soceessfal v fmi the concept &
soquired by seflective sbstraction, the speclad way of logicoanathematical shstracdon. When 2
certsin property I8 shsiacted from the things fthat bhave the property, the mome general the
property becornes (fhe more its extension extends), the narrower its intension Decomes and 85 a
result the uiility of the stuchure decreases, On the other hand, when 2 concept & abstracted from
operations(the ways of operating on things), the more generalized fhe concept &, the richer in
mtension becomes and thes the wtility of the stuciore becomes more comprehensive.

Meanwhile, becavse fe concept of group ix derived through reflective sbsweetion, or feongh
ahstraciion of various operations, general coordination reles, fhat is, basic methods of coordinating
operations, should be first anelvsed in onder 1o apalvse the smchue of the concepl As exumined
above, since the systemt of fansformation should be selfsegulated within cerfaln bounds so a8 1o
have 2 form of stmotme, &t lesst two basic nmles of cowsdinating operstions ate nesded =
follows(Piaget, 1968): (b An operation must be able to return fo s starting point all the dme
alteroative course.

In comparison with mathematical definition of the concept of gromp, the mile O B relaied ©
the exisience of inverse element; the mile () v the associative law. In conclusion, this shows that
the gronn shuchere s 2 represeniative sirociure thad condalos essentind characteristics of #he
structure of operations or the stuckee of omthematical thought,

Since the algeboadc sbuchires sre fundamentally fhe transformetionsl system, just presenting the

6 Taumer ways that vndendafing the smuctme of 2 ated has the advantage of Tmaking the subjeo ey
1o ondergand and (0 eesy to rervervber, (1) epabling the tnsliion of learning and (D narrowing the gap
between advanced knowledge and elementary knowledge.
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ulfimate form of formalized stuchwes & mod an approprisfe way o ach the algebmic spruchires
o the student. Plaget{1968) stiesses that “structare” B3 not comespondest o “form”. According 1o
him, the thought of stuchwe as the fransfonmations! system s i succession W the thought of
comstruction a8 a contingal process of formation, In fhs regard Bruner's so-called descending
curticulum which just lowers the fevel of the formalized structure of knowledge fn e order from
the high school o the middle school and fo the elementary school cannot be seid © conform b
the viewpoint of stroctursbism, According to Freudenthal(1991) who defines stmctire as 2 fool for
organizing mathematical phenomena or mathematios iself, since n order o belp the leamer find
and organize mathematical struchires the content and fomn of roathematiocs must be dialectically
interwoven and tevelled up, the instroctor should sard with the readity of the learoer’s Jevel and
then seek o systemize it imo mathematically refined sirocimres insiead of franslating formatived
strucharal resls of mothenmtics into the fanguage that the leamer can understand.

In other wonds, instead of presenting complete structures of mathematics fo the lewmer, the
instructor ought to bave the leamer face the phenomena that are suitable for the learner’s mental
reafity and where muthematical stractores can become 4 tool for systemization and let the leamer
experience the process of reiovention where he can find oot the fool for systembzation by imself,
When an instructor let 2 lewmer deal with the wols for organization & the phenomens first, the
lemmer comstucts the mendal objecis of mathematical objeciy and then is expecied o sitain then &
tise in level of undersnding through the process of reflection, Shmilarly, In teaching dlgebraic
siroctires  incheding  group, the ipstrucior should preesent fthe  phenomens, which will be
mathematized, fo allow the leamer o comsiruct the mental objects of algebraic strachures and lead
him fo fum the sirechwes o mathemsfical concepts fhrongh reflection, withod sfarting with
formalized sictosal concepts and fhen smdving concrete maderials of fhe concepts,

Now, let's examine the examples where the concept of group, one of the mose bagic algebiaic
structutes, Is fanshaded info concrete exmuples and where the comcept of growp B comsinmted
from phenomena, and find owt differcnces. In reaching group strucfure, instructors nsually give
exsmles a5 follows: (1) The set of all the symmeties of the rectangolaringd the square) forms
the group ZAB7,. (D) The set of 252 matrices GL.(K), forms 2 group under multiplication.
@ On fhe quadratic extension field Q(V'2), ientity map 7 and 7: g+ W2 — g— W3
forms the Galois growp of QY 2) over Q.

The fact that the sels in these oxamples form a group & verified by scoumte caloolations and
the process has no emors. But the problem of this frame &= that algonithm & repeated whenever a
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matter education, which is closely related to the contents of knowledge, such explanation is just
indefinite. Bruner himself suggests EIS theory in an attempt to apply the idea of spiral curriculum
to the concrete contents of subjects, but it reveals many theoretical limits.

Piaget’s operational constructivism emphasizes that the child ought to construct knowledge
through his own activities and, especially, the source of logico-mathematical cognition should be
operations or internalized actions. On the other hand, Bruner argues that the structure of
knowledge is a fixed entity and the instructor should translate it into representation appropriate to
the children’s cognitive structure. Regardless of its intent, Bruner’s argument seems to highlight
the functional side of education or the educational method of transmitting given knowledge
quickly and efficiently and, when knowledge is translated, its intellectual honesty is likely to be
damaged.

The idea that the instructor should establish general ideas and principles of mathematics and
level down them to the learners’ level implies that the structure of mathematics is completed and
it is a fixed intellectual system. However, in the view of structuralism including Piaget’s, structure
is the transformational system which is developing and changing. If this gets involved with the
contents of subjects, the leamer’s developing structure of knowledge entails the qualitative
differences in the level, and the mechanism of reflective abstraction like “content—form—more
refined content—new form—-..." becomes a key part which constitutes the structure.

Freudenthal argues that to help the learner understand the structure of mathematics, the learner
needs to experience the structuralization, through which he organizes phenomena into mathematical
structures. The direction of the structuralization or the organization is directly opposite to knowing
the formal meaning of a certain structure and dealing with a few phenomena with the structure as
examples. In order to realize the premise that the mathematical structure should be learned not as
what is given to the learner but as what the learner himself should construct, it is necessary to
research more intensively on the nature of mathematical structure and the phenomena in the real

world, which can be mathematized into the structure.
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