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----------------------------------------- 《 S U M M A R Y  > --------------------------------------------- -
This thesis examines how Bourbaki s  matrix structures and Piaget" s structure of imthematical 

thought are related on the basis of Piaget’s study on genetic epistemology and stmcturalism. In 

addition, it reviews the essential charaaeristics that the structure of knowledge should have and 
also points out that transformation and development are the key factors of the structure. In the 

light of this, it indicates the limits of Bruner's concept of structure and discusses about having 

the leai*ner constnict the algebraic structure as a mathematical concept.
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When constructing and carrying out mathematics curricula, we first encounter an important 

question: "What shall we teach?" As an answer to this question, Bmner suggests in his book, 

The Process o f Education(1960), that the structure o f mathematics should be taught. This idea 

gains much support in the education world because it is accepted as an alternative to the existing 

education system where only piles o f facts or "middle language" is being taught.

What does teaching mathematical structures to students mean? If a math teacher teaches high 

school students corarautative law, associative law and the existence of inverse element and 

identity element as the properties o f the real number system, is he teaching the algebraic 

structure? For students, who do not know the concepts like group, ring and field and also have 

not noticed the similar phenomena in a set o f polynomials, a set o f  functions and a set o f 

matrices, the algebraic structure presented as above is likely to be a skeletonlike structure 

extremely poor in context. In other words, if  students, who have already gotten familiar with the
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the "prior knowledge"?

Plato's answer to this question Is ’’anamnesis"—— that is， not knowing meaas forgetting what one 

used to know in a previous life and therefore, learning is just recollecting it. In conclusion, 

Plato's answer suggests that if  one does not know something, he is never able to learn it. In 

other words, structure(or essence) o f knowledge or form o f  cognition independently exists from 

the beginning. This can be seen as an objectivistic and realistic point o f view that epistemology 

before Kant has. The reason why this attitude is thought objectivistic is that it regards human 

cognition as a copy o f "an object which is formed and defined by itself" and, thus, emphasizes 

the predominance o f the object over the subject o f cognition. According to die objectivism, 

knowledge is just to find or represent the objective and ultimate entity and the knowledge of 

subject o f cognition is defined by this objective entity.

However, the development o f  mcxiem natural science made it dearer that natural science is not 

the discovery o f objective nature but a way o f interpreting natural phenomena. According to 

Kuhn(1970) who explains the progress in science with the term o f "paradigm", normal science is 

governed and given authority by a paradigm but when a new competitive paradigm is brought in, 

problems arise— that is to say, the existing paradigm and the new one see the world in each 

different way and describe it in each different language; within a new paradigm, a concept can 

have totally different meanings from the ones within the old paradigm, because the new paradigm 

changes its relation with other concepts. In this regard, progress in knowledge is made not by 

accumulation of fixed entities but by qualitative changes and requires dialectical reconstruction 

which integrates the old paradigm and the new one in a comprehensive frame. And the whole 

frame o f the constructed knowledge can be called "sttucture". What is important here is that the 

structure is based on human activity which can be considered before distinguishing between a 

posteriori "matter^ and a priori "form" that modern epistemology tries to take as an objective 

foundation. Therefore, the authority (or validity) o f  knowledge is autonornoasly controlled by the 

activities o f those who pulque the knowledge.

This argument that human cognition can not be explained on an objective foundadon is in 

som e accordance with Piaget's genetic epistemology. Piaget expounds his operational 

constructivism can be reduced neither to empiricism nor to apriorism as follows.

In conclusion, the operational constructivism suggested by genetic analysis is reduced 
neilher to empiricism nor to apriorism, because we could not derive intelligence itself 
from objects and because the subject does not possess frameworks which contain all 
reason in advance, but only a certain activity which allows him to construct operational
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—  rf a 'Mmm- Md tm m  ^m m w y  rf  îsrdef- 務萬緩% 資|iilltotm. k  by pittag ^
iequivil鐵]i  weight m  Ike © to  sidfe

Fiaget e ls f ia i into t e 紫 cmte§轉dias as^rdii^ to w l^fcr fc  iwmiWi% rf t e
oj^ralMs is in Ite fcam rf mvmitrti, i^lpodly or cmtittdiiy a資id ^>ara|ioiis and tfmt
Itee  oategoriei a si텍 f_ d  緣〕，' .BkiAaM'S -tee  matrix s ttc te 潔1 Ao薄rftag to
Pi^ei(Pfag敎% W6S)̂  s te c te s  0務n^pm d to c l« fcafi〇B md imirol樣화 o A r
to 鐵p 해 ■ . 織 뼤 tW ■ ! 鐵pcM&ice ■ !  toptoglad —odmes to
ojraatlcm smldi^ wfck aî - distMgiiMri. iM)t. by tM kiifiet m  diffê EODs 'tai ty  fta
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uddq seq qnnjAv amjanus jo âxuBdai dip oj p며미ai Xidsop osp si )； jo sduodqi 〇aiare9[-DunjnB3j 

91K3U3 pue dDUDRid [Huoi)R〇npd iuu상 iDdfqns b jo ainpnus 9qi 9AUdp 〇] iduiaue dq丄

aan^anj^s s yj a u n j g

airuDims )ncxp uoissn^sip 3q) ai ^m>id jocuodiui a公 ^{2\ A내q;&i3Aai

jEip s3jR〇sniu siqj[ suoijRJ9do jo  aouBoipjooo [rwu3§ jo d[TU b sb saoipanj aoisidAOi Xq 

laiod ^apjBjs dqi 〇) aimai 〇) 3\qv. sabm|b aie saopRiddo xei\} oopipacx) dqi adqM p9qsi{qeisd ai? 
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Pedagogical Study on the Meaning of Mathen日t ical Structure

things like it that one may encounter"' and "these basic ideas should be isolated and taught more 

explicitly in a manner that frees Aera from specific areas(Bruner, I960)." But the problem o f this 

explanation is that the knowledge here is explained in die light o f atomism. Especially in the 

case o f mathematics and science, knowledge is a system o f concepts rather than a gathering of 

individual facts and information. In the same context, Piaget stresses the wholeness as one o f  the 

characteristics o f structure. A  separate fact does not bear a fixed meaning and its meaning varies 

according to its context Bruner himself says it is undesirable to teach just piles o f facts, but a 

separate basic idea may also be reduced to just a fact if it loses its whole context.

Besides, though Bruner’s  intention can be undeRtcxxi as emphasizing structure as a system or 

interrelation among concepts, the problem that sch o lar’ knowledge and children's knowledge 

should have the same structure is still unsolved The differences between professional scholars' 

knowledge and children's knowledge come neither from differences in quantity nor from 

differences in A e methods o f  representation. As Piaget says in his explanation o f the 

generalization by reflective abstraction(Piaget et al., 1977), the differences in the structures of  

different levels contain qualitative gaps. In addition, as Piaget explains with the phrase o f  

"self-regulating transformation", cognitive structure and ftirther, the structure o f knowledge are not 

being fixed but being incessantly modified toward the ideal form. But Bruner regards stmcture as 

a fixed tool for interpreting phenomena. Like tbis, he fails to define tbe concept o f stmcture 

thoroughly and as a result — unlike his intention——  his theory regresses to an objectivistic and 

realistic standpoint.

R e p r e s e n t a t i o n  vs.  O p e ra t io n

According to Piaget, knowledge has an operative aspect and a figurative aspect. The two 

aspects are also called "scheme" and "schema" respectively; scheme meai» a general structure that 

makes actions and operations possible and generalizes them; schema means representation or 

image o f the result from a certain action or operation. Perception, imitarion, image and so  on, 

which Piaget calls a figurative aspect can not be the essence o f knowledge and they can have 

meanings only thnmgh actions or operations. Especially logiavmathematical knowledge sometimes 

does not have the figurative aspect4).

4) A typical example is cardinality of natural numbeis. This can be undemood only after recognizing
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said that new learning has actually happened. Between knowing if  one move out farther from the 

center o f  a see-saw, he or she goes down father and understanding Newton's Law o f  Moments, 

there are qualitative differences in cognitive stnicture and the differences are logical gaps more 

than just the differences in representation. Nevertheless, if  tbe teacher tries to teach the 

fundamental principle o f  Law o f  Moments using enactive representation such as a see-saw and a 

balance, the student is likely only to accept the principle superficially on his level at that time.

Moreover, Bruner thinks that if  die instructor presents tbe representation which is higher than 

the student's stage o f development, the challenges which are derived from the gap between the 

two cause new learning. But from Piaget’s point o f  view, representation is just a product of 

cognition at its level and at the next level o f  cognition it works only as a concrete object but it 

cannot be a source o f new cognition. The idea5) that presenting various kinds o f representation 

makes new cognition happen comes not from the viewpoint that the subject constructs cognition 

but from the realistic viewpoint that die subject just copies objective objects o f cognition.

In the case o f logico-raatheraatical concepts, particularly, their essence is not representation but 

operation, as Piaget points out. In addition, mathematical structures, concepts, methods o f  proof, 

algorithms, propositions, theorems and so  on are all schemes and mathematical activities include 

all activities o f  constructing and applying these operational schemes. The learner can construct 

new mathematical concepts only through reflective abstraction based on his operations as the 

objects o f  cognition and after that he is able Co undenstand representation, presented by the 

teacher, in his own way.

The l e a r n i n g  of  a l g e b r a i c  s t r u c t u r e s

So far we have studied essential characteristics o f simcture such as wholeness, transformation 

and self-regulation. Now it is time to consider the situation where the instructor tries to teach 

algebraic structures to tbe student. The problem here is how the formalized algebraic structures 

assimilate to the learner s cognitive structure. For instance, if the reason for teaching the group 

structure is that it is the most fundamental and essential part o f  mathematical thought, it is 

wondered how closely learning the simple fact that "the a set o f real numbers has such and such 

characteristics" approaches to the learning o f structure that is originally intended6). According to

5) A similar argument is found in Dienes' ’’perceptual variability principle'
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matter education, which is closely related to the contents o f knowledge, such explanation is just 

indefinite. Bruner himself suggests EIS theoiy in m  attempt to apply the idea o f  spiral curriculum 

to the concrete contents o f subjects, but it reveals many theoretical limits.

Piaget's operational constructivism emphasizes that the child ought to construct knowledge 

through his own activities and, especially, the source o f logico-rnatheraatical cognition should be 

operations or internalized actions. On the other hand, Bruner argues that the structure of 

knowledge is a fixed entity and the instructor should translate it into representatioti appropriate to 

the children's cognitive structure. Regardless o f its intent, Bruner’s argument seems to highlight 

the functional side o f  education or the educational method o f transmitting given knowledge 

quickly and efficiently and, when knowledge is trm이ated, its intellectual honesty is likely to be 

damaged.

The idea that the instructor should establish general i소 as and principles o f  mathematics and 

level down them to the learners’ level implies that the structure o f  mathematics is completed and 

it is a fixed intellectual system. However, in the view o f structuralism including Piaget’s, structure 

is the transformational system which is cfeveloping and changing. If this gets involved with the 

contents o f  subjects, the learner’s developing structure of knowledge entails the qualitative 

differences in the level, and the mechanism of reflective abstraction like "content—»form—»more 

refined content—+new form— becomes a key part which constitutes the structure.

Freudenthal argues that to help the learner understand the structure of mathematics, the learner 

needs to experience the structuralization, through which he organizes phenomena into mathematical 

structures. The direction o f the structuralization or the organization is directly opposite to knowing 

the formal meaning o f a certain structure and dealing with a few  phenomena with the structure as 

examples. In order to realize the premise that the mathematical structure should be learned not as 

what is given to the learner but as what the learner him self should construct, it is necessary to 

research more intensively on the nature o f  mathematical structure and the phenomena in the real 

world, which can be mathernatized into the structure.
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초  록

수 학 적  구 조 의  의 미 에  대 한  교 육 학 적  고 찰

홍 진 곤  

(건국대학교 교수)

본 연구는 뼈아제의 발생적 인식론과 구조주의에 대한 고찰을 바탕으로，부르바키 학 

파기 주장히는 수학의 모구조와 삐아제기 말히는 수학적 사고의 구조기 교육적 관점에서 

어떻게 관련을 맺는지 살펴보았고，지식의 구조가 가져야 하는 본질적인 특성을 검토하면 

서 변형과 발달이 핵심적인 문제가 됨을 지적하였다. 이에 비추어 브루너의 구조 개념이 

갖는 한계를 지적하였으며，수학적 개념으로서의 대수적 구조를 학습자가 구성하게 하는 

문제를 논의하였다.

주제어 : 구조주의, 발생적 인식론, 구조
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